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Introduction

been much effort to design a controller which not only
achieves the stability of the uncertain system but also

Considerable attention to the problem in robust stability
analysis and robust stabilisation of uncertain systems has
been attracting many authors for several last decades, e.g.,
(Chang and Peng, 1972; Petersen and McFarlane, 1994;
Sato et al., 2008) and references therein. These uncertainties
occur and may be caused by unknown noises,
environmental effects and change of parameters. There has
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guarantees an adequate level of performance. One approach
to this problem is the guaranteed cost control method via
linear matrix inequality (LMI) technique (Lien, 2004; Won
and Park, 1999), which is a powerful tool in the control
theory and applicationsin recent years (Matsuo et a., 2008).
Moreover, the guaranteed cost control approach has been
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recently extended to the time-delay systems (Chen et d.,
2004; Esfahani and Petersen, 1998).

Though the controller is usually constructed by using
state variables, it may not be possible to measure al the
states of the system in many cases due to cost problems,
difficulties in measurement and uncertainty perturbations.
Thus, the observer-based control is probably well suited and
better than the state control feedback in such situations. In
addition, the problem of designing an observer-based
guaranteed cost controller has received some attention in
recent years (Lien, 2005). Therefore, we consider a state
observer because of its ability to reconstruct the state of a
dynamic system. In the observer-based guaranteed cost
control problem, finite solutions cannot be usually obtained
because the loss of the cost depends on the unknown initial
state variables as well as the case without uncertainties
(Miller, 1973). The work of Mahmoud and Zribi (2003)
implicitly needs an initial value of the states and error states
to obtain the guaranteed cost value. Instead of this, we
assume that their mean and covariance are known. This
approach is theoretically more acceptable for systems with
an observer and has more practical sense.

Further, the restriction on the form of the observer gain
matrix should be used in the guaranteed cost controllers
with a full order observer. We can see the restriction from
those of Mahmoud and Zribi (2003), Won and Park (1999),
and Lien (2005). Otherwise, they may have some poles with
an infinitely small negative real parts when the observer
gain is left free (Ishitobi and Miyachi, 2008). Our study
does not put the restriction on the form of the observer
gain. Firstly, we design a minima order observer-based
guaranteed cost controller and extend it to a full order
observer-based without any restriction to the observer gain
matrix of the minimal order observer-based, but it is left
free.

Since inverse relations of variables appear, this paper
concerns a design method of a full order observer-based
guaranteed cost controller via an iterative linear matrix
inequality (ILMI) technique such that a feasible solution to
the convex LMI prablems will be achieved iteratively. An
assumption on the statistical properties of the unknown
initial state variables for a full order observer-based
guaranteed cost problemis used.

Outline of this paper is as follows. Section 2 states the
problem of a continuous time uncertain system with
statistical properties. Section 3 provides the main results in
LMI formulations, involving an observer-based controller
design agorithm. Section 4 gives a numerical example to
illustrate the proposed method and finally, Section 5
presents the conclusion of this work.

2 Problem statement

Consider the following continuous-time uncertain system of
the form

X(t) = (A+AA(t)) x(t) +(B + AB(t) ) u(t) D

y(t) =Cx(t) @)

where x(t) € R" is the state vector, u(t) e R" is the control
input vector, y(t) € R™ is the measured output vector, A, B,
C are known constant real-valued matrices with appropriate
dimensions, and C is restricted to the form of C = [O I].
Matrices AA(t) and AB(t) denote rea-valued matrix
functions representing parameter uncertainties in the system
state and input. It is assumed that the uncertain matrices are
represented by

AA(t) = DAFA(t)Ea, AB(t) = DgFg () Eg ©)
with relations satisfying
FA (OFA® <1, Fg OFg(t) <

where Ds, Dg, Ea, Eg are constant real-valued known
matrices with appropriate dimensions, and Fa(t) and Fg(t)
are real-time-varying unknown continuous and deterministic
matrices. The assumption above on F, and Fg leads to the
adoption of a constant Lyapunov function below though the
result may be conservative.

We further assume that the initial state variable x(0) is
unknown, but their mean and covariance are known,
equivaently (Miller, 1973)

E[x(0)]=m, 4

E[(x(0)=my)(x(©)~my)" |=Z¢ >0 )

where E[-] denotes the expected value operator.
The problem considered here is to design a full order
observer

X(t) = (A-K,C) X(t) + Bu(t) + K, y(t) (6)
and a controller
u(t) = —Kx(t) 7

so that achieving an upper bound on the following quadratic
performance index

191 | [ (x Qx+ " ORu | ®)

associated with the uncertain system (1) and (2) where Q
and R are given symmetric positive-definite matrices.

3 Main results

In this section, a sufficient condition is established for the
existence of a full order observer-based guaranteed cost
controller for the uncertain systems (1) and (2). The
introduction of the restriction on the feedback controller
gain matrix in the form below results in the formulations of
the algorithm with LMIs.

K=R'B'S, (9)
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where S; is a symmetric positive-definite matrix. Further,
we assume that

X(0)—my =0 (10)
The main result of this study is given by Theorem 1.

Theorem 1: If the following matrix inequalities optimisation
problem; min {51 + 5} subject to

A, X' XEp XEj

X Q! o 0
E,.X 0 61 0
[ExX 0 0

<0 (11)

Ay, Ay A, Ay Ay A, Ag
A} -R 0 0 0 0 0

Ay, 0 —,1 O 0 0 0

AL 0 0 —ul 0 0 |<0 (12
AL 0 0 0 -w,l 0 0

A, 0 0 0 -1 O

A 0 0 0 ol

n

Z encO@1€n <71 (13)
k=1

n

zelke)zenk <72 (14)
k=1

where

Ay = AX + XAT —=BR™B" + 6D, D, + pDgDg
+p 'BRIELE;R™B" + uDgDg
+o 'BRMELE;R B’

Az =S,A+(S,A) +S,TAC+(S,TAC)
+5,LAC +(S,LAC)" ~S,AIC
—(s,AIC)" —S,ALC —(s,ALC)'

A3 =5,B,A,=5,D,

Ag=Ag=S,BRE]

Ag=A;=S,Dg

el

01 = 2{(1 (2o - mymg )+ (26 +momy ) 5,

1
0, = E(Szzo + Z052)

I

has a solution S; > 0, S, > 0, X >0, L, 6 > 0,
>0, ¢, >0 £>0, o, >0, >0, 7,,, >0, p>0, g, >0,

7, 7 which satisfy the relation e=¢,, 7 - =1,

Pt = pnand S;t =X, then the full order observer-based

control law (7) with (9) is a guaranteed cost controller
which gives the minimum expected value of the guaranteed
cost

E[3°]=E[ X" (0)8,x(0) +¢ (0)S.¢(0) ] (15)
where e(t) = X(t) - x(t) is the estimated error of the full

order observer.

Remark 1: Since (11) and (12) have a constraint of the
relationship of the inverse, ILMI approach is introduced to
solve the problem (Ghaoui et al., 1997; Cao et al., 1998).

Before giving a proof of Theorem 1, a key lemma is
introduced.

Lemma 1 (Mahmoud and Zribi, 2003): Let D and E be
matrices of appropriate dimensions, and F be a matrix
function satisfying F'F < |. Then for any positive scalar «,
the following inequality holds

DFE+E'F'D" <aDD" +2E"E. (16)
Proof of Theorem 1:
Equations (1), (6) and (7) yield the closed-loop system

{X(t):| _ |:(Dl ‘Dz}{x(t)} (17)
é(t) D; D, || e(t)
where

@, = A+ AA(t)+(B+AB(t)) K

®, =(B+AB(t))K

@, =—AA(t) - AB(t)K

®, = A-K,C—AB(H)K

Although we can see from (1) and (2) that the systemistime
varying, according to (3), it is sufficient to define a
candidate of Lyapunov function as

V() = x" (1)Syx(t) +e (1)S.e(t) (18)

Then, the time derivative of (18) aong to (17) is calculated
as

V (t) = 2xT (t)S;X(t) + 2eT (t)S,€(t)
=2x" (1)S, {( A+AA() +(B+AB()) K) x(t)
+(~0A() - AB(H)K )e(t) |
+2e(1)S, {(-AA() - AB(t)K) x(t)
+(A-K,C—AB(H)K)e(t)}
=7" ()Qz(t) - (xT (©)Qx(t) + u' (t)Ru(t))

(19)

where

A
o ol
2

> >l
w N
-
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Ay =S, (A+AA®D))+(A+AA®D) S, +Q
-$,BR™B'S, —S,ABR'B'S,
-S,BRAB'S,
A, =-AAT(1)S, - S;,ABR™!BTS,
+$,BR!AB'S,
A3 =5,(A-K,C)+(A-K,C)' S, +5,BRIBTS,
+S,ABR'B"S, +S,BRAB'S,
Under the condition
Q<0 (20)
equation (19) leadsto

V(1) < (X" (t)Qx(t) + u" (t)Ru(t)) <O (21)

for any x(t) = 0 and the closed-loop system is asymptotically
stable.

Next, the condition (20) is investigated below. By
applying Lemma 1 to (20), it follows for any & >0, € >0,

p>0, >0, >0 and r> 0 that

2x" (1)S,AA() X (1) = 2XT (1)S;DAF (1) E o X (1)

(22)
< SX(t)S;DADAS X (1) + 5 X ()EAEAX(L)

—2X" (1)S,AA[)X (1) = —2XT (1)S,DpF4 (1) EpX(t)

(23)
<ee' (t)S,DADAS,e(t) +¢ X" (t)EAEAX(1)

—2x" (t)S,AB(t)R™BT S, x(t)
=-2x' (t)S;DgFg (1) EgR BT S, x(t)
< px' (t)S,Dg Dg S, X(t)

+p X" (1)S,BRIELEgR™BT S, x(t)

(24)

—2x" (t)S,AB(t)R'B" S.e(t)

=-2x" (t)S,DgFg (1) EgR BT S,e(t)
< ux" (t)S;DgDg S, x(t)

+u e (t)S,BRMEFEgR BT Spe(t)

(25)

2e" (t)S,AB(t)R™B" S x(t)

=2e' (t)S,DgFg () EgR BT S, x(t)
<we' (t)S,Dg Dy S,e(t)

+o X" (t)S;BREFEgR B S, x(t)

(26)

2e" (1)S,AB(t)R BT S.e(t)

=2e" (t)S,DgFg (1) EgR BT Spe(t)
<ze' (t)S,DgDg S,e(t)

+r %" (t)S,BREFEZR BT S.e(t)

(27)

Hence, if there exist scalars >0, ¢>0, p>0, x>0,

7> 0, amatrix K,, symmetric positive-definite matrices S;
and S, which satisfy the following matrix inequality

A 0
4 <0 (28)
0 Ag
where

Ay=SA+ATS —~SBR'B'S, +Q+5S,D,DAS,;
+0 EAE, +€ 'EQE, + pS;DgDg S,
+uS,DgDg S, + pS,BRIESEZRIBTS,
+o 'S,BRIEFEZR'B'S;
As=S,(A=K,C)+(A=K,C)' S,+¢S,DoDRS,
+$,BR™B'S, + 1 'S,BRIELE;RIB'S;
+r71S,BREFEZR B S, + ®S,D5Dg S,
+7S,D5 D S,
then (7) is a full order observer-based guaranteed cost
control law and (15) is a guaranteed cost for the uncertain
system (1) and (2).
In this paper, a full order observer is constructed by an
output estimator and aminimal order observer that estimates
the state variables except for the outputs (Telford and

Moore, 1989).
An output estimator is given by

y(t) = C (AR, (1) +Bu(t)) - A(y(t) - §(1)) (29)

where A is a stable matrix with specified eigenvalues, and a
minimal order observer is designed by

Vi(t) = Aw(t) + Bu(t) + Ly(t) (30)
% (t) = Cw(t) + Dy(t) (31)
where

A=F,AC (32)
B =F,B (33)
~ [l

é - M (34)
D= [_IL} (35)
Fo=[1 L] (36)
L=F,AD (37)

and w(t) is an estimate of Fox(t).
Here, the following relations have to be satisfied

F,A=AF, +LC (38)
CF,+DC=1, (39)
Ko = AD—DA (40)

A=C(A-K,C)D (41)
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Then, it is obtained that

cb=1, (42)
FC=1, (43)
Cé = omx(n—m) (44)
F,D = Opmyem (45)

X(t) = Cw(t) + Dy(t)
= % () + D(J(1) + ¥ (1))

From (32) to (45), the matrix A — K,C is re-expressed as

(46)

A-K,C

-[D é]lA C@Mﬂ (47)

o A |lR
= DAC + DCACF, +CAF,
=DAC +(1, - CF, ) ACF, +CF,ACF,
=DAC+A(I,-DbC)
= DAC+A-ADC
Pre- and post-multiplying (28) by diag(S; 1 1) on both

sides, denoting X =S;, € =€, Ty =7 5 Py = £

substituting (47) into (28) and using Schur complement
(Boyd et a., 1994), lead to (11) and (12).
Further, integrating (21) fromOto T yields

X" (T)Syx(T) +e" (T)Se(T)
~(x"(0)5,x(0) +€" (0)S,e(0)) (48)

:
< ‘L (xT ®)Qx(t) +u" (t)Ru(t))dt <0

Here, the asymptotic stability of the closed-loop system
implies that

X" (T)S;X(T) « 0,e" (T)S,e(T) >0 (49)
as T tendsto theinfinity. Hence, it is obtained that
3= (T x(®) + v (ORu()

< x" (0)$,x(0) +e" (0)S,e(0) (50)
=J"

where J* denotes the guaranteed cost. Here, we consider the
optimal expected value of the guaranteed cost. It is
calculated as

E[3*]=E[x" (0)5,x(0) +¢ (08,€(0)]
=E[ trs,x(0)x" (0) +1rS,e(0)e" (0) | (51)
= S,E[ x(0)x" (0) ]+ rS;E [ e(0)e" (0)]
A relation between mean and covarience of x(0) is given by
Zo = E(x(0)x" (0)) ~momg (52)
Substituting (52) into (51) yields

E[37]= 1Sy (20 +momg )

T (53)
#11Sy {55+ (X(0) - mg) (X(0) - mg)'
Then substituting (10) into (53) yields
E[3*]=trS; (5o +mom{ ) +1rS,Z, (54)

Here, we consider positive scalars y; and p, satisfying the
following inequalities

trSy (2 +memg ) <71 (55)
trS,2, <y (56)
2<0 2

Minimising 1 + 7 results in giving min E[J"]. By recalling
tr(AB) = tr(BA), (55) and (56) lead to (13), (14). Q.E.D.

It is noted that the inequalities (11) and (12) cannot be
solved directly by LMI because they contain the scalars e,

€invr T Tiny» O Pipy @nd two matrices S;, X which have to
satisfy the relation S;* =X, € =€y, 7 =Tinys £ - = Py

and the two matrices S, and L that have to be kept constant
one by one. Using an ILMI approach means that every
computation which has to solve a minimisation problem
keeps al obtained matrices and scalar variables as initia
values for the next iterations. For the first restriction, there
are a number of algorithms available in literature, a cone
complementarity linearisation approach (Ghaoui et a.,
1997), a sequentiad linear programming matrix method
(SLPMM) (Leibfritz, 2001), a Min-Max agorithm, an
alternating projection method and so on to solve this kind of
the problems. Here, we apply the cone complementarity
linearisation approach. For the second restriction, the index
n + 7 isminimised by iteration with keeping one of S, and
L constant alternately.
An algorithm is shown in the following steps.

1 Design aminimal order observer-based guaranteed cost
controllers, get an optimal guaranteed cost jinons @nd
set the obtained gain as L, (Matsunaga et al., 2009).

2 Design aguaranteed cost controller with afull order
observer under afixed L for #k) where (1) is
appropriately given, whenk =1, 2, ---.

2.1 Solveaconvex problem
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22

2.3

24
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S, |
Ll X:|>0171+72<7/(k)v€€inv >0,

T > 0, ppiny > 0, inequalities (11) to (14),
with

Ty

If infeasible, then go to Step 4 with
y=7k-1(k=2)

Else set

S1(0) =S5, X(0) = X, €(0) =€,6,(0) =€y »
7(0) =7, Tiny (0) = Tiny» P(0) = o, Piny (0) = Piny -

Whenj=1, 2, -, solve aminimisation problem
of o by LMI under

ST
Ll X:|>0171+7/2<7/(k)v€€inv>01
TTiny > 0, pojy >0,

tr[S; (1) X + X (1)S1]+€(J)€iny + €€iny (1) +-.-
©(J) g + () + 20) o + poin() < @,
inequalities (11) to (14), and set S1(j) = Sy,
X(J) =X, (i) =¢€ € (1) =6y, 7(J) =7,
Tiovs 200) = o1 Pind(J) = Pinv-

If asatisfies2n+6< a<2n+ 6+ ky, for some
small x, then go to Step 3 with 7 (k) = (k) -0,
where 6,> 0 is some small constant, else go to
Step 2.4.

If j <N whereN > 0issomelarge integer, then
go to Step 2.2, else go to Step 4 with y= HK).

3 Design aguaranteed cost controller with afull order
observer under afixed S, for 7(k), whenk=1, 2, ---.

31

3.2

Solve a convex problem
S |
Y >0, 7147, <y(K), €€6py >0,
iy > 0, poiny > 0, inequalities (11) to (14),

If infeasible, then go to Step 4 with ¥ = ©(Kk), else
set 5,(0)=S;, X(0) =X, €(0) =¢, €, (0) =€y,

7(0) =7, 7in, (0) = 7iny, P(0) = o, Piny (0) = Piny-

When j =1, 2, ---, solve aminimisation problem
of o by LMI under

I
TTiny > 0, PPiny > 0,

S |
|: ! X:|>017/1+72<7(k)166inv >0,

tr[S; ()X + X (1S +€e()€iny +€€iny (3) + .-
() ziv + 77inv(J) + 20) Pinv + PPi(J) < @,
inequalities (11) to (14), and set S4(j) = Sy,
X(1) =X, €n(]) =€ €iny(J) =€y, 7(J) =7,
ti() = s £0) = 2 Pinv() = Pinv-

33 If asatisfies2n+6<a<2n+6+ &
for some small x>, then go to Step 2 with
y(k+D)=y(k)-0,, elsegoto Step 3.4.

34 Ifj<N,thengoto Step 3.2, elsego to Step 4
with ¥ =7 (k).

4  Endwith S;=5,(j), Sy, X = X(j), e=¢€(j), & =€(j),

t=7(]), Tiny = i (J)s 2= P(1)s Piny = Piny (1) E’ Vs

n, y2.

Note that N in Steps 2.4 and 3.4 is the threshold to decide
the solvability of the minimisation problems. Namely, this
means that there is no solution satisfying ©(k) or 7 (k). Note

also that »(1) is needed to choose the value such that the
algorithm can go to Step 3. We determine a sufficiently
large ©1) such that there exists a feasible solution. To
simplify, we use a twice of optimal guaranteed cost value
obtained in the design of a minimal order observer-based
guaranteed cost controller.

4 Anillustrative example

This section verifies the proposed method by providing a
numerical example solved by LMI control toolbox of
MATLAB. Consider a system (Inoue, 1977) with

3 0 -2 0 3
0 2 0 -1 2
A= yB= l
1 0 0 O -6
0 1 0 O 1
C=[0, 1,],my=0,2=14,R=9,
Q =diag(7,15,1,3), D, = 0l 0,
- g ) 1 ) A — 02 02 )
031, 03I, 50 0]
EA= ,A: y
o, O, 0 -30]
17
. -1
Dg =diag(0.3,01,03 0.0, Eg =| |
-1

Applying Theorem 1 with ®1) = 33.7786, we obtain a
solution
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11251 0.1384 0.0591 0.1487 Figure 2 Trajectories of erorses(-), ex(—), es(— - ) and es(~-)
51[0.1384 46164 12272 17050 |
00591 1.2272 1.4415 1.3071
0.1487 1.7050 1.3071 82134 ]
04520 06661 -0.1467 -0.0592
06661 10182 -0.2013 -0.1254
27| 01467 -02013 00764 -00288| |
~0.0592 -0.1254 -0.0288 0.0973
0.8929 -0.0203 -0.0099 -0.0104
o _| 700203 02844 02198 -0.0237 .

00099 02198 09813 -0.1104]’
00104 -0.0237 -0.1104 0.1444
€= 4.9249, ¢, , = 0.2030, p = 0.9552,
o, =1.0469, 7 = 4.3247, 7, = 0.2312

01840 0.0433

0.0070 0.2483
| o o |

0 0

K =[-0.3830 —04433 05234 -0.4697],
y = E[3%]=17.0408,

I

Outputs

All closed-loop poles are calculated for Fo = Fg = | as
—5.4457, -0.9828, —-1.000, and —3.4451. For the initia
values of the system state variables and the observer state 0 2 4 Time 6 8
variables are set as x(0) = [-1 2 3-2]" and X(0)=[0000]",

simulation results are shown in Figures 1 to 4. The
trajectories converge to the origin. Figure 5 depicts the
trgjectory of the guaranteed cost .

10

Figure 4 Trajectory of input

Figure 1 Trajectories of statesxy(--), Xo(—), Xa(—- =) and X4(—-) 15

Input

0.5

States

Time

Time
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Figure5 Traectory of y
34

32
30
28
26
-
24
22
20

18

5 10 15 20 25 30 35
iterations

5 Conclusions

This paper discusses a full order observer-based guaranteed
cost control problem. A sufficient condition for the
existence of state feedback guaranteed cost controllers is
derived to determine the stability on the LMIs term. A
numerical example with simulation results is given to
illustrate the proposed method.
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